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Test Groups and Effect Algebras
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A test group is a pair (G, T) where C is a partially ordered Abelian group and
T is a generative antichain in its positive cone. It is shown here that effect algebras
and algebraic test groups are coextensive, and a method for calculating the
algebraic closure of a test group is developed. Some computational algorithms
for studying finite effect algebras are introduced, and the problem of finding
quotients of effect algebras is discussed.

Recently, it has come to light that virtually every mathematical structure
that has been seriously proposed as a model for the propositions, properties,
questions, events, effects, states, or observables affiliated with a physical
system can be represented in terms of a partially ordered Abelian group, and
that the highly developed theory of such groups can thus be brought to bear
on problems arising in the experimental sciences (Greechie and Foulis, 1995).
Although the full impact of the existence of a strong connection between
physical systems and partially ordered Abelian groups has yet to be felt,
and although some progress has already been made (Greechie et al., 1995;
Ravindran, 1995; Bennett and Foulis, 1995), many technical details have yet
to be worked out before the connection can be fully exploited.

A large class of orthostructures, the so-called interval effect algebras,
can be represented as order intervals G*[0, u] from O to an element u in the
positive cone G* of a partially ordered Abelian group G (Bennett and Foulis,
n.d.); however, in general, G enjoys none of the special properties that
distinguish those classes of partially ordered Abelian groups that have been
most intensively studied, e.g., lattice-ordered groups (Darnel, 1995) and inter-
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polation groups (Goodearl er al., 1980; Goodearl, 1986; Murphy, 1992). The
“test groups’ introduced in this paper are often lattice ordered or interpolation
groups and are related to effect algebras as test spaces (Foulis et al., 1993)
are to orthoalgebras (Foulis er al., 1992). We study the articulation between
test groups and effect algebras and show that much of the theory of test
spaces can be extended to test groups.

Section 1 of this paper is devoted to a brief review of some relevant
facts about partially ordered Abelian groups. The concept of a test group is
introduced in Section 2. In Section 3, we show that algebraic test groups
give rise to effect algebras and that every effect algebra arises in this way.
We develop an iterative method to calculate the algebraic closure of a test
group in Section 4. In Section 5, we prove that the universal group of an
effect algebra E is a homomorphic image of an algebraic lattice-ordered test
group corresponding to a set of generators for E. In Section 6, we sketch a
basis for the construction of computational algorithms for dealing with finite
effect algebras. We close the paper in Section 7 with a brief discussion of
the problem of forming quotients of effect algebras.

1. PARTIALLY ORDERED ABELIAN GROUPS

Although most of the material in this section is well known in the theory
of partially ordered Abelian groups (for instance, see Goodearl, 1986), we
review it here for the convenience of the reader and to establish our notation
and terminology. In what follows, Abelian groups are understood to be
additively written. If G is an Abelian group and M C G, we define (M) to
be the subgroup of G generated by M.

Let G be an Abelian group and let a, b, ¢ denote elements of G. A
subset C of Gis called a cone if C + C C Cand C N —~C = {0}. A cone
C in G determines a partial order relation = on G defined by a < b iff b —
a € C, and = is translation invariant in the sense thata = b = a + ¢ =
b + c. Conversely, if = is a translation-invariant partial order on G, then C
:= {a € G10 = a} is a cone in G, called the positive cone determined by
=. (The notation := means equal by definition.) In this way, a one-to-
one correspondence is established between translation-invariant partial order
relations = on G and cones C in G.

A partially ordered Abelian group is an Abelian group G equipped with
a translation-invariant partial order =. For such a group G, the positive cone
determined by = is denoted by G*. The standard positive cone in the additive
group R of real numbers is the set R* of all real numbers that are nonnegative
in the usual sense. For the remainder of this section, let G be a partially
ordered Abelian group.
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If H is a subgroup of G, then H is a partially ordered Abelian group in
its own right under the restriction to H of the partial order = on G. We refer
to this as the induced partial order on H and to the corresponding positive
cone H* = H N G* as the induced positive cone. For instance, the integers
Z form a subgroup of R and the standard positive cone in Z is the induced
positive cone Z* = Z N R*.

A subgroup H of G is said to be directed (with respect to the induced
partial order) iff for all a, b € H, 3¢ € H such that a, b = c.

Lemma 1.1. Let H be a subgroup of G and let H* = H M G*. Then the
following conditions are mutually equivalent: (i) H is directed; (ii) H = H*
— H*; (i) H = (H*); (iv) IM C G* with H = (M).

Proof. (1) = (ii): Assume (i) and let h € H. Then 3x € H with 0, h =
x;hence, xe HN G " =H', y:=x—-he HNG" = H,and h =x —
y. Obviously, (ii) = (iii) = (iv).

(iv) = (i): Assume (iv) and leta, b € H. Then 3x, v, z, w e M N H*
suchthata =x —y=<xe Hand b = z — w = z € H, and it follows that
a,b=c:=x+zeH =n

Corollary 1.2. G = (G*) iff G is directed.

A subgroup H of G is called order-convex iff, foralla, b € G,0 = a
=< b € H= a € H. In the theory of partially ordered Abelian groups, an
order-convex directed subgroup H of G is referred to as an ideal; however,
we avoid using this terminology because of possible confusion with the
notion of an ideal in an effect algebra. (See Section 7 below.) If H* = H N
G* = {0}, then H is said to be trivially order-convex.

Theorem 1.3. Let H be a subgroup of G. Then the following conditions
are mutually equivalent:

(i) H is order-convex.

(ila,ce Hbe GGa=b=c=be H.

(iii) If O is an Abelian group and n: G — Q is a group homomorphism
with ker(n) = H, then n(G") is a cone in Q.

(iv) There is a partially ordered Abelian group ¢ and a group homomor-
phism m: G — Q such that n(G*) C Q" and H = ker(n).

Proof. (i) = (ii): Assume (i) and the hypotheses of (ii). Then 0 = b —
a=c¢—ae H sob—ae H, and it follows that b € H. Obviously, (ii)
= (i), so (i) & ().

(i) = (iii): Assume (i) and the hypotheses of (iii). Obviously, n(G*) +
n(G*) C (G*) and 0 € n(G*). Suppose g, —g € M(G*). Then Ja, b € G*,
g=mn@), —q=mnb).Then0=a=ag+bandm@a+b)=qg—-—qg=0,
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so a + b e ker(n) = H, and it follows that a € H = ker(n), so
g = m(a) = 0.

(i1i) = (iv): Assume (iii), let @ = G/H, and let : G — Q be the natural
group epimorphism. By (iii), Q can be organized into a partially ordered
Abelian group with positive cone Q" := n(G*).

(iv) = (1): Assume (iv) and leta, b € G,0=a=b € H.Thena €
G*.som(a) e G*. Also, b — a € G*and b € H = ker(n), so —n(a) = m(b
— a) € G*, and it follows that n(a) = 0,s0a € ker(n) = H. =

Let H be an order-convex subgroup of G and let m: G — G/H be the
natural homomorphism. Then, by Part (ii) of Theorem 1.3, G/H can be
organized into a partially ordered Abelian group with positive cone (G/H)*
:= m(G™"). Unless one makes an explicit stipulation to the contrary, it is
always understood that G/H is partially ordered in this way. Obviously, if G
is directed, so is G/H.

Definition 1.4. If M is a subset of G, we define ocs(M) to be the
intersection of all order-convex subgroups of G that contain M. We also
define ssg(M) to be the subsemigroup of G consisting of 0 and all sums of
finite sequences of elements in M.

The intersection of order-convex subgroups of G is again an order-
convex subgroup of G, so ocs(M) is the smallest order-convex subgroup of
G that contains M.

Lemma 1.5. Let M C G*. Then:
(i) ocs(M) = ocs(ssg(M)) = {h € GI3y € ssg(M), —y = h = y}.
(i1) ocs(M) is a directed order-convex subgroup of G.

Proof. (i) Obviously ssg(M) C G* and ocs(M) = ocs(ssg(M)). Let H :=
{h e Gidy € ssg(M), —y=h =y} and let h, k € H. Then 3y, z € ssg(M)
with —ys=h=yand —z =k =<z Thus, —z= —k=z,andw:=y + ¢
€ ssg(M) with —w = h — k = w, and it follows that H is a subgroup of G
with M C ssg(M) C H. Suppose g € Gand0 < g <= h € H. Then 3y €
ssg(M) C G*with —y=h =y so—~y =0 =g =y, and it follows that g
€ H. Therefore, H is an order-convex subgroup of G. That any order-convex
subgroup of G that contains ssg(M) must contain H is clear.

(ii) Let h, k € ocs(M). By Part (i), Ay, z € ssg(M) C G* with —y < h
=yand —z=k =z and it follows that h, k =y + z € ocs(M). =

The partially ordered Abelian group G is said to be lattice-ordered iff
the partially ordered set (G, =) is a lattice. If G is lattice-ordered and H is
an order-convex directed subgroup of G, then, as a partially ordered set, H
is clearly a sublattice of G, so H is lattice-ordered. If G is lattice-ordered
and x,, x3, y;, y; € G with x; = y; for all i, j, then any element z € G with
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X; V X = 2 = y; Ay, satisfies the conditions x; = z < y; for all 7, j. Thus,
if G is lattice-ordered, it satisfies the condition in the following definition.

Definition 1.6. G is an interpolation group (Goodearl, 1986) iff x), x,,
yi,y2 € Gwithy; = y; foralli, j =3z € G, x; s z < y;forall i, j.

If G is an interpolation group and H is an order-convex directed subgroup
of G, then both H and G/H are interpolation groups (Goodearl, 1986, Proposi-
tion 2.3).

Definition 1.7. Let T C G".
NGO, T):=(peG'lIte T p=1]
(ii) T is generative iff G* = ssg(G*[0, T)) and G = (G").

Note that we speak of a generative set in G only when G is directed.
Thus, T is generative iff G*[0, T] generates G* as a semigroup, and G, in
turn, generates G as a group.

Lemma 1.8. Let T C G* and consider the following conditions:

(i) T is generative.

(ii)g e G=3c € ssg(N. g =c.

(iii) ocs(T) = G.

(iv) G is directed.

Then (i) = (ii) < (iii) = (iv). If G is an interpolation group, then (i)
o (i) < (il).

Proof. To prove (i) = (ii), assume (i) and suppose g € G. Since G is
directed, Ja, b € G* with g = a — b and, since T is generative, there are
finite sequences py, pa, P3, - --» Po N G and ¢y, t5, 13, ..., 1, in T with p; =
f;fori=1,2,3...,nanda=23;p;.Letc:= 2,1, Then,a = 2, p; =
S:;t;=c=b+ c,whence g = a — b = ¢ e ssg(T). That (iii) = (i1) follows
directly from Part (i) of Lemma 1.5. To prove (ii) = (iii), assume (ii) and
let g € G. Choose ¢, d € ssg(T) withg =cand —g =<dandlety = ¢ +
d € ssg(T) C G*. Then —y =< g =y, and it follows that g € ocs(T). That
(iii) = (iv) follows from Part (ii) of Lemma 1.5.

Finally, suppose G is an interpolation group and that it satisfies Condition
(ii). Since (ii) = (iii) = (iv), we have only to prove that T is generative.
Thus, suppose g € G*. By (ii), 31, 2, 13, ..., 1, € T such that g = 2t
By Proposition 2.2 in Goodearl (1986), 3py, p2. p3, - - - » P € G* such that
g=23pandp =t fori =123, ..., n and it follows that g €
ssg(G*[0, T]). =

An element u € G* is said to be generative iff {u} is a generative set

(Bennett and Foulis, n.d.), and it is called an order-unit (Goodearl et al.,
1980) iff, for every g € G, 3n € Z*, g = nu. By Part (ii) of Lemma 1.8, a



1122 Foulis, Bennett, and Greechie

generative element is automatically an order-unit. However, unless G is an
interpolation group, not every order-unit need be generative. For instance, if
G = Z as an Abelian group with the nonstandard cone G* := Z*\[1}, then
G is directed and 2 is an order-unit in G, but it is not generative.

Lemma 1.9. Let T C G* be generative and let H be an order-convex
directed subgroup of G. Then H = (H N G*[0, T}).

Proof. By Lemma 1.1, H = (H N G*), so it will be sufficient to prove
that H N G* C (H N G*[0, T). Let h € H N G*. Since T is generative,
there are finite sequences h, hy, ..., h, € G and 1, 15, ..., t, € T with
hy<tfori=12,3...,nandh =3 h,. Foreachj= 1,2 ..., n we
have 0 = h; = X, h; = h € H and, owing to the order-convexity of H, we
have h e HN G*. =

If X is a nonempty set, then Z¥ := {f1 f: X = Z} is a lattice-ordered
Abelian group under pointwise addition and with the standard positive cone
(ZHX. If f € Z7, the support of f is the set supp(f) := {x € XIf(x) # 0)}.
The subgroup of Z* consisting of all functions with finite support is denoted
by Z!XI and the induced positive cone in Z* is (Z*)!*1. Evidently, Z'*! is
an order-convex directed subgroup of Z* and therefore is lattice-ordered.
For the remainder of this paper, we always understand that Z* and Z) are
thus organized into lattice-ordered groups.

The partially ordered Abelian group G is called a simplicial group
(Goodearl, 1986, p. 47) iff it is isomorphic (as a partially ordered group) to
ZX for some finite set X. A partially ordered Abelian group G is simplicial
iff it is an interpolation group with an order unit and (as a partially ordered set)
G* satisfies the descending chain condition (Goodearl, 1986, Corollary 3.14).

Theorem 1.10. Let X be a set. Then:

OMIfYCXand H={fe ZWIf(y) =0forally e Y}, then His a
directed order convex subgroup of ZX,

(i) If X is a finite set and H is a subgroup of Z*, then H is directed
and order convex iff it has the form in Part (i) for some subset Y of X.

Proof. Part (i) is obvious. (ii) By Goodearl (1986), Proposition 3.8, if
X is finite, then H is directed and order-convex iff there is a subset W of X
such that H is generated by all characteristic set functions x;,,; withw e W.
Let Y =X\W. =m

A subset T of G is called an antichain iff no two distinct elements of
T are comparable with respect to the partial order =. Thus, T C G is an
antichain iff s, r e Twiths <= s = .

Lemma I.11. If G is asimplicial group, then every antichain in G* is finite.
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Proof. See Perles (1963). =

2. TEST GROUPS

The idea of a test group, which we now introduce, unifies a number of
different concepts which have been studied in connection with effect algebras
and difference posets. This part of our work is related to, and partially
motivated by, the D-test spaces of Dvurefenskij and Pulmannova (1994b).

Definition 2.1. A rest group is a pair (G, T) consisting of a partially
ordered Abelian group G with positive cone G* and a nonempty generative
antichain T C G*. Elements t € T are called rests and elements in G*[0, T]
are called T-events, or simply events if T is understood.

The following example shows how test groups generalize interval effect
algebras (Bennett and Foulis, n.d.).

Example 2.2. G*[0, u] is an interval effect algebra with ambient group
G and unit u iff (G, {u}) is a test group.

The next example and definition are basic, as they show how lattice-
ordered test groups typically arise from effect algebras. For the definition
and elementary facts about effect algebras see Foulis and Bennett (1994). If
E is an effect algebra, a subset X of F\{0} is called a set of generators for
E iff every a € E can be written as a finite orthocombination a = @,y
f(x)x, where f e (ZH)Y.

Example 2.3. Let FE be an effect algebra with unit u, let X C E\{0} be
a set of generators for E and let

T = {te @ZYWNu =D xtlx)x}

Then (Z™, T) is a test group and the T-events are the functions f € (Z*)"
for which @, .x f(x)x is defined in E. If X is finite, then Z¥ = Z¥ is a
simplicial group and, by Lemma 1.11, T is necessarily finite, hence E itself
is finite.

If the effect algebra E is finite, or more generally, satisfies the descending
chain condition, then one can choose the set X of atoms in E as a set of
generators. If no obvious set of generators presents itself, one can always
choose X = E\{0}.

Definition 2.4. If X is a set and Z' is partially ordered by the standard
positive cone (Z*)!¥), a test group of the form (Z\¥), T) is called a multiplicity
group provided that, for every x € X, 3t € T, t(x) # 0. If E is an effect
algebra with unit « and X C E\{0} is a set of generators for E, a function
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t e ZX is called a multiplicity function for E with respect to X iff u = @,
t(x)x. If T is the set of all multiplicity functions for E with respect to X, the
test group (Z\X1, T) is called the multiplicity group for E with respect to X.

The following example shows how test spaces (Foulis er al., 1993) give
rise to lattice-ordered test groups.

Example 2.5. Let (X, $) be a test space and, for each test £ € $, let
xe be the characteristic set function of E. Let T := (xzIE € $} and let G
be the order-convex subgroup of Z* generated by T. Then (G, T) is a test
group for which the T-events are the characteristic set functions of the events
for (X, $).

By analogy with Example 2.5, the D-test spaces of Dvurecenskij and
Pulmannova (1994a,b) also give rise to lattice-ordered test groups.

Example 2.6. Let (X, $) be a D-test space and, for each E € $ and all
x € X, let tg(x) be the (finite) cardinal number of the set E~'(x). Let T :=
(telE € $}) C Z%, and let G := ocs(T). Then (G, T) is a test group and the
T-events may be identified with the events for (X, $).

For the remainder of this paper, we assume that (G, T) is a test group
with G*[0, T] as its set of T-events. The proof of the following lemma
is straightforward.

Lemma 2.7. If a € G, then the following conditions are mutually
equivalent:

(1) a € G*[0, T].

idb e G,a+beT

Giy b € G0, T], a = b.

Definition 2.8. Let a, b, ¢ € G*[0, T].

(i) a is orthogonal to c, in symbols, a L ¢, iffa + ¢ € G*[0, T).

(i1) a and c are supplements iff a + c € T.

(iii) a and b are perspective, in symbols a ~ b, iff a and b share a
common supplement c¢. Such a common supplement c is called an axis for
the perspectivity a ~ b.

As we now show, most of the facts established in Foulis et al. (1993)
for perspectivity in a test space can be generalized to test groups. For a
related study of perspectivity in partial Abelian semigroups, see Pulmannova
and Wilce (1994) and Wilce (1995).

Lemma 2.9. Let a, b,c € G*[0, Tl and let t, u € T. Then:
(i) t ~ u with axis 0.
(i)alcandc~ @+ c¢)=>a=0.
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(m)a~0=>a=0.
(vy)a=bandb L c=a l c
Va~te=aeT

Proof. Part (i) is obvious. To prove Part (ii), assume the hypotheses and
let d be an axis forc ~ (a + ¢). Then,¢c +d,a+ ¢ +d € Twithc + d
<a+ c+d and it follows that c + d = a + ¢ + d, whence a = 0. Part
(iii) follows from Part (ii) with ¢ = 0. From the hypotheses of Part (iv) we
have 0 <a+c=b+c e G0, T],soa + ¢ € G*[0, T] and therefore a
L c. In Part (v), the implication ¢ follows from Part (i). To prove the
converse implication in Part (v), note that if d is an axis for a ~ ¢, then ¢, ¢
+deTwitht=t+d whencer=tr+d,sod=0anda=a+deT n

Lemma 2.10 (Perspectivity Cancellation Law). Let a, b, ¢ € G*[0, T]
witha L candb L ¢c. Thena+c~b +c=a~b.

Proof. By hypothesis, 3d € G*[0, T] such thata + ¢ + dand b + ¢
+ d € T. Thus a is perspective to b with axisc + 4. =

Lemma 2.11 (Additivity Lemma). Suppose that ~ is a transitive relation
and leta, b,c € G*'[0, T) witha L banda L ¢. Thenb ~c =>a + b ~
a+ c.

Proof. Let d be an axis for b ~ ¢ and choose p, g € G*[0, T] such that
a+b+pa+c+t+qgeT Thena+p~dwithaxisbandd ~a + g
with axis c¢. Since ~ is transitive, a + p ~ a + gq; hence, p ~ g by Lemma
2.10. Let r be an axis for p ~ g, so that a + b ~ r with axis p. Furthermore,
r ~ a + ¢ with axis ¢; hence, a + b ~ a + ¢ by the transitivity of ~. =

We now introduce a reflexive and transitive relation < on G*[0, T] that
extends both = and ~.

Definition 2.12. If a, b € G*[0, T), define a < b iff there is a finite
sequence cg, €y, €y, - - ., ¢, in G*[0, T] such that a = ¢y, b = ¢, and, for
eachi = 1,2, 3, ..., n, one of the conditions c¢;., = ¢; or ¢;—; ~ ¢; holds.

Lemma 2.13. If a € G*[0, T)andt e T,then ()0 =a =<1t (ii)a=<0
=sa=0and)r=a=aeT

Proof. Lemma 2.9 and induction. =
Lemma 2.14. 1fa, b,a’, b’ € G*'[0,T],a+a €T, b+ b €T, and
a < b, then b’ = a'.

Proof. Assume the hypotheses. By induction, it will be enough to prove
that b’ < a’' for the two special cases a = banda ~ b. If a = b, let ¢ =
b — a and observe that ' = (b’ + ¢) ~ a’ with axisa,so b’ < a'. Ifa ~
b with axis d, then b’ ~ d with axis b, d ~ a’ with axis a,and againb' <a’'. &
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3. ALGEBRAIC SETS OF TESTS

The notion of an algebraic test group as given in the following definition
generalizes the idea of an algebraic test space (Foulis et al., 1993).

Definition 3.1. We say that the test group (G, T) is algebraic iff perspec-
tivity preserves orthogonality; that is, for all a, b, ¢ € G*[0, T],

a~bandb Lc=2a Lc

We also express the idea that (G, T) is algebraic by saying that T is
algebraic in G or, if G is understood, simply that T is algebraic.

Theorem 3.2. The following conditions are mutually equivalent:

(i) T is algebraic.

(i) Ifa, b,c e G*[0, T],a<b,and b L ¢, thena L c.

(iii) If a, b, ¢ € G*[0, T}, a ~ b, and c is a supplement of a, then c is
a supplement of b.

Proof. That (i) = (ii) follows immediately from Definition 3.1, Part (iv)
of Lemma 2.9, and induction. That (ii) = (i) is obvious. To prove (i) =
(iii), assume (i) and the hypothesis of (iii) and let 4 be an axis for a ~ b.
Then d ~ ¢ with axis a. Since b ~ a and a L c, it follows from (i) that b
L c¢. Let p be a supplement of b + ¢, so that (¢ + p) ~ d with axis b.
Therefore, since a L d, it follows from (i) thata L (¢ + p); hence, 3r e T
witha + ¢ + p =1 Butthen,a + ¢ € Twitha + ¢ = ¢, and it follows
that a + ¢ =, so p = 0 and c is a supplement of b. To prove (iii) = (i),
assume (iii) and suppose that a ~ b, and b L c¢. Let g be a supplement of
b + ¢. Then ¢ + g is a supplement of b, so ¢ + ¢ is a supplement of a, and
it follows that¢ L a. =

Corollary 3.3. Let T be algebraic and let a, b € G*[0, T]. Then:
) a=bo3de e GO, T) witha = c and ¢ ~ b.

(i1) ~ is an equivalence relation on G*[0, T].
(lii)abandb=<=aa~b.

Proof. The implication « in Part (i) is obvious. To prove the converse
implication, suppose a < b and let d be a supplement of . Then a L d by
Part (ii) of Theorem 3.2. Let p be a supplement of a + d and let ¢ = a +
p,sothat ¢ + d € T. Then a = ¢ and ¢ ~ b with axis d. To prove Part (ii),
it suffices to show that ~ is transitive. Thus, suppose a, b, d € § with a ~
b and b ~ d, and let ¢ be an axis for & ~ d. Then ¢ is a supplement of b,
and it follows from Part (iii) of Theorem 3.2 that ¢ is a supplement of g;
hence, a ~ d with axis ¢. In Part (iii), the implication < is obvious. To
prove the converse, assume that a < b and b =< a. By Part (i), da|, b, with
ala,blb,@+a)~b and (b + b)) ~a. Sinceb L b)yand T is
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algebraic, we have (a + a;) L b,. Thus, by Part (ii) and Lemma 2.11,
(a + a)+ b, ~ b+ b ~ a, and therefore a; + b; = 0 by Part (ii) of
Lemma 2.9. Consequently, a, = b, = 0,s0a ~b. u

Theorem 3.4. (Additivity Theorem). Suppose T is algebraic and let a,,
as, by, by € G*[0, T] with a; ~ a,, b, ~ b, and @, L b,. Then a, L b, and
a; +b‘~a2+b2.

Proof. That a, L b, follows from two applications of the condition in
Definition 3.1. By Part (ii) of Corollary 3.3, ~ is transitive. Thus, using
Lemma 2.11 twice, we have a, + b ~a; + b, ~a, + b,. B

If T is algebraic, the perspectivity equivalence classes in G*[0, T] can
be organized into an effect algebra as follows.

Definition 3.5. Suppose T is algebraic. For each a € G*[0, T], define
w(a) ;= {b € G*0, T)la ~ b} and define II(G, T) := {m(a)la € G*[0,
T1}. If m(a), w(b) € (G, T), define w(a) & w(b) iff a L b, in which case
m(a) @ nw(b) := w(a + b). By Theorem 3.4, @ is well defined.

The following theorem is an immediate consequence of the preceding
results.

Theorem 3.6. If T is algebraic, then II(G, T) is an effect algebra with
zero element (0} and with unit u := (¢), where t is any element of T.
Furthermore, for a, b € G*[0, T], a =< b & w(a) = w(b) in II(G, T).

In Example 2.2, (u} is algebraic and II(G, (#}) can be identified with
the interval effect algebra G*[0, u]. A multiplicity group (ZX T for an effect
algebra E is automatically algebraic and MZ™X, 1) is isomorphic to E under
the well-defined mapping w(f) — @.cx f(x)x. Consequently, every effect
algebra can be represented as 1(G, T) for an algebraic lattice-ordered test
group. In Examples 2.5 and 2.6, T is algebraic iff (X, ) is algebraic in the
sense of Foulis et al. (1993) and Dvuredenskij and Pulmannova (1994b),
respectively.

4. THE ALGEBRAIC CLOSURE OF T

If a set of tests T fails to be algebraic, it is because there are T-events
a, b,c,dsuchthata + ¢, c + b, and b + d belong to T, but a + d does
not. In other words, T fails to be algebraic just because it fails to be “large
enough.” This suggests that it might be possible to enlarge a nonalgebraic T
to an algebraic set of tests. Of course, enlarging T means enlarging the set
of T-events, and repeated enlargements might be necessary before one arrives
(if at all) at an algebraic set of tests.
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Note that, if T C § C G*, then S is automatically generative; hence,
(G, S) is a test group iff § is an antichain.

Definition 4.1. The test group (G, T) is said to be prealgebraic iff there
is an antichain § C G* such that T C S and (G, S) is an algebraic test group.

We also express the idea that (G, T) is prealgebraic by saying that T is
prealgebraic in G or, if G is understood, simply that T is prealgebraic.

If T C S, C G"and S, is an algebraic antichain for all v, it is clear that
T C NS, and NS, is an algebraic antichain in G*. Thus, we have the
following definition and theorem.

Definition 4.2. If T is prealgebraic in G, then T~, called the algebraic
closure of T in G, is the set-theoretic intersection of all algebraic antichains
S C G* such that T C S. We also refer to (G, T7) as the algebraic closure
of (G, 1.

If G is understood and T is prealgebraic, we may referto T~ simply as the
algebraic closure of T. Definition 4.2 has the following obvious consequence.

Theorem 4.3. If T is prealgebraic, then T~ is algebraic and if S is an
algebraic antichain with T C § C G*, then T~ C §.

We now proceed to show that, if T is prealgebraic and G is an interpola-
tion group, then it is possible to form the algebraic closure T~ inductively
by successively adjoining elements to T.

Definition 4.4. If S C G*, we now define the derived set 9(S) by D(S)
= {t+v—sls,t,v eS s=t+ v} and, by induction, D°%S) = S and
DHS) = D@DYS) forn = 1,2, 3,....

Note that § C DY(S) C D*'(S) foral SC G*andalln=0,1,2,....

Theorem 4.5. If 9(T) C T, then T is algebraic. Conversely, if T is
algebraic and G is an interpolation group, then @(7) = T.

Proof. Suppose @(T) C T and let a, b, c € G*[0, T] with a ~ b and b
+ ¢ € T. By Theorem 3.2, it will be sufficient to prove that a + ¢ e T. Let
d be an axis fora ~bandputt =a+d,s =d + b,v=> + ¢, noting
thats,t,ve Tands=d+b=(a+d)+ (b+c)=1t+v whencea +
c=a+d)+b+c)—-d+b)=t+v—-—s5seDDCT.

Conversely, suppose T is algebraic and G is an interpolation group.
Since T C 9(T), we have to prove T) C T. Lets,t,v e Twiths =r +
v, noting that 0, s — v =< s, r. Hence, 3d € G with 0, s —v =d = s, 1.
Because 0 = d =1, we have d € G*'[0, T]. Leta =t —d,b = s — d, and
c=v+d—s5sThen0=a=rand0 =b=y3s,50a,b e G0, T]. Also
at+d=treTandb +d=3s5 € T, soa~ b with axis d. Furthermore,
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s—v=dimpliesthat 0 =v+d—s=cand,sinceb+c=(—4d)+
(v+d—s)=v e T, it follows that ¢ is a supplement of . Consequently,
the fact that T is algebraic implies that

t+v—s=@t-d)+(v+d=-s)=a+ceT 1

Theorem 4.6. If 9™(T) is an antichain foralln = 0,1,2,...,then T
is prealgebraic and T~ C U, @"(T). Conversely, if G is an interpolation
group and T is prealgebraic, then @*(T) is an antichain for all n = 0, 1, 2,
...,and T = U, DYD.

Proof. Let § = U, D"(T), noting that T C S and D(S) = S. Suppose
that 9"(T) is an antichain for all n. Then, owing to the fact that T C 9"(T)
C @"™XT) for all n, S is an antichain that contains T and S is algebraic by
Theorem 4.5; hence T is prealgebraic.

Conversely, suppose G is an interpolation group and T is prealgebraic.
Then T~ is algebraic, T C T, and T~ = @(T") by Theorem 4.5. Therefore,
DT CD(T™)=T foralln=1,2,3,...;hence, since T is an antichain,
so is D"(T). Furthermore, S C T~ and, since D(S) = §, it follows from
Theorem 4.5 that § is algebraic, so T~ C S, and therefore T~ = S. =

Theorem 4.7. Suppose (@, U) is an algebraic test group and that §: G
— ( is a group homomorphism such that y(G*) C ¢, ¥(T) C U, and ker(¢)
N G* = {0}. Then (G, T) is prealgebraic and Y(T7) C U.

Proof. Let S := {s € G*I{(s) € U}. Suppose p, ¢ € S with p = q.
Since Y(G*) C @*, we have Yi(p) = Y(q); hence, since y(p), (qg) € U, we
have Y(p) = W(q). Therefore, g — p € ker(fy) N G* = {0}.so p = g,
proving that S is an antichain in G*. Since T C S, it follows that T is
prealgebraic and 7~ C S. Therefore, {(T7) CYS) C U. =

5. THE UNIVERSAL GROUP

Given an effect algebra E and a set of generators X C E\{0}, one can
form the corresponding algebraic multiplicity group (Z*), T) as in Definition
2.4, thus realizing E, up to isomorphism, as I1(Z¥, T). Conversely, one can
start with a set X and an algebraic multiplicity group (Z™*, T) and form the
corresponding effect algebra E := II(Z™, T), and this will be our point of
view in the present section. As a matter of fact, this gives one of the most
effective methods for specifying finite effect algebras. Thus, we fix the
following notation for the remainder of this section.

Notation 5.1. X is a set, G := ZX with the standard positive cone (Z*)*,
T is an algebraic antichain in G, and E := II(G, T) is the corresponding
effect algebra. The perspectivity class corresponding to f € G*[0, T] is w(f)
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e FE, the unit in E is given by u := m(s) for all + € T, and the zero in E is
given by 0 = w(0). If x € X, then x, := ¥x,,; denotes the characteristic set
function of the set {x}. Assuming that x, € G*[0, T], we define , := m(x.)
for all x € X. Also, we choose and fix a multiplicity function s € T, define
T — s:= {r — slt € T}, and recall that (T — s) is the subgroup of G
generated by T — s. Finally, we assume that % is an Abelian group and &:
G — G is a group epimorphism with ker(§) = (T — s).

Evidently, x € X implies that m, # 0 and [m,x € X] is a set of
generators for the effect algebra £ = [I(G, T). Also, if t, s € T, thent — s
= (t = s") — (s — s"), so the subgroup (T — s) of G and the quotient group
GKT — s) are independent of the choice of s. If desired, one can take the
group %G to be the quotient group G/(T — s) and § to be the natural epimorphism
& G — GKT — s). In any case, § is isomorphic to G/(T — s).

Lemma 5.2. Let f, g € G*[0, T]. Then:
W) f~ g o w(f) = m(g).

mn(f) =uesfeTl

() m(f) =0 f=0.

(iv) f L g & m() L 7(g).

W fLg=m(f+ g =7(f) D m(yg).
(Vl) ’lT(_f) = @,Exf(X)'Trx.

(vii) w(f) = m(g) = &) = &(g)-

Proof. Parts (i)—(v) are obvious. Since f = 2 _yx f(x)x, and there are
only finitely many nonzero terms in the sum, Part (vi) follows from Part (v)
and induction. To prove (vii), suppose w(f) = m(g) so that f ~ g and 3h €
G*[0, T} such that f + h, g + h € T. Then,

f—eg=lf+h—sl—g+h —s]e(T—s =ker§)
so &(f) = &(g). =

If A is an Abelian group, a mapping ¢: £ — A is called an A-valued
measure on E iff, for p, g € E withp L g, d(p D q) = &(p) + d(g).

Theorem 5.3. There is a unique mapping y: £ — % such that:
() f e G*[0, T} = y(w(f) = &)

Furthermore:

(i) v: E > 9 is a §-valued measure.

(i) r € T = &) = vy(w).

(lV)f € G = g(.f) = E.reXf(x)'Y(Tr.\‘)-

(v) &G0, T)) = y(E).

(vi) &G™) = ssg(y(E)).

(vii) (Y(E)) = ({v(m)lx € X}) = 4.
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Proof. For p e E, define y(p) := &(f), where fis any element in G*[0,
7] such that w(f) = p. By Part (vii) of Lemma 5.2, y: E — %4 is well defined.
Obviously (i) holds and v is uniquely determined by (i). To prove (ii), suppose
D.q € E withp L q and select f, g € G*[0, T] with p = 7(f) and ¢ =
7(g). Then, by Parts (iv) and (v) of Lemma 5.2, f + g € G*[0, Tl and p &
q = w(f + g). whence,

Yp®q) =&f+ g = &) + &8 = v(p) + v(@)

Part (iii) follows immediately from Part (ii) of Lemma 5.2.

For x € X, x, € G*[0, T], and it follows from (i) that y(m,) = &(x.).
But, forf € G, f = Z,cx f(X)Xo 50 £(f) = Zeex SEXD = Zecx f(X)¥(m)),
proving (iv). Part (v) follows immediately from (i) and the fact that w(G*[O0,
T]) = E. Since T is generative in G, we have G* = ssg(G*[0, T]) so in view
of (v),

§(G") = &(ssg(G*[0, T])) = ssg(£(G*(0, T])) = ssg(v(E))

proving Part (vi).

Since G = G* — G* and & G — 4 is surjective, Part (vi) implies that
(Y(E)) = 4. Also, for p € E, 3f € G*[0, T] with y(p) = &) = Z,cx
f)y(m,), and it follows that (y(E)) = {({y(m,)|x € X}), completing the proof
of Part (vii). m

A universal group for an effect algebra F is a pair (U, \) consisting of
an Abelian group AU and a U-valued measure A: F — A such that (i) (A(F))
= 9 and (ii) for every Abelian group A and every A-valued measure ¢: F
— A, there is a (necessarily unique) group homomorphism ¢*: U — A such
that & = &* o A\, By Foulis and Bennett (1994), every effect algebra has a
universal group which is unique up to an isomorphism. Because of the
uniqueness, we often speak of the universal group for an effect algebra.

Theorem 5.4. (4, ) is the universal group for E.

Proof. By Part (vii) of Theorem 5.3, (y(E)) = %. Suppose that ¢: £ —
A is an A-valued measure and define the group homomorphism ¢*: G — A
by d*(f) := Ziex fOO)b(y) for all f € G = ZX. Then, for all f € G*[0, T],
Part (vi) of Lemma 5.2 implies that

d(m(f) = ¢(§(f(ﬂm) = Exf(X)dD(m) = ¢"(f)

In particular, if ¢ € T, then d*() = &(m(r)) = d(u), whence ¢*(r) = d*(s)
= ¢(u), sor — s e ker(¢*). Therefore, ker(§) = (T — s) C ker(d*), so there
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is a group homomorphism ¢*: § — A such that $* o £ = &*. Thus, for all
fe G0, Tl,

d(m() = d*(N) = S*EY) = d*(y(m()))

by Part (i) of Theorem 5.3. Therefore, by the surjectivity of m: G*[0, T] —
E,wehave b = ¢d*ovy. =

The mapping y: E — % is called the universal (4-valued) measure for
E and the mapping & Z™ — 9 is called the canonical epimorphism.

An A-valued measure ¢: E — A is said to be positive iff, for all p e
E,(p)=0=p=0.

Lemma 5.5. The following conditions are mutually equivalent:

(i) v: E — 9 is positive.

(i1) For every 0 # p e E there exists an Abelian group A and an A-
valued measure ¢: E — A such that &(p) # 0.

(1ii) ker(§) N G*[0, T] = {0}.

Proof. (i) = (ii) is obvious. Assume (ii) and suppose that p € E with
v(p) = 0. If p # O, there is an A-valued measure ¢: E — A with d(p) #
0. Since (%, vy) is the universal group for E, there is a group homomorphism
&*: § — A such that & = $* o y. Therefore, d(p) = db*(y(p)) = d*(0) =
0, contradicting $(p) # 0, and proving that (ii) = (i). To prove (i) = (iii),
assume (i) and suppose f € ker(§) N G*[0, T]. Then 0 = £(f) = y(w()),
and the positivity of y implies w(f) = 0 so f = 0. Conversely, assume (iii)
and suppose p e E with y(p) = 0. Select f € G*[0, T] with 7w(f) = p. Then
0 = y(m()) = &), so f € ker(§) N G*[0, T] = {0}, and it follows that p
= m(0) = 0. Thus, (iii)) = (). =

We now consider the problem of partially ordering the universal group
% in such a way that y(E) C %9, that is, ssg(y(E)) C %9*. If we can do this
at all, we might as well take 9* = ssg(y(E)).

Lemma 5.6. § can be organized into a partially ordered Abelian group
with positive cone §* = ssg(y(E)) iff (T — s) = ker(£) is an order-convex
subgroup of G. If 4§ is partially ordered by the positive cone §* =
ssg(y(E)), then:

(i) & G — % is an order-preserving group epimorphism.

(i) ¥(E) C 410, y(w)].

(iii) 4 is directed, y(u) is a generative order-unit in %9, and 9*[0, y(u)]
is an interval effect algebra.

(iv) Ifa € 9, then a € 9*[0, y(w)] © Jr € G*, &@r) = y(u), and If €
G* with f =< r and a = &(f).

(v) vy is positive & y(m,) # 0 for all x € X.

(vi) v is positive & ker(§) N G* = {0]}.
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Proof. By Part (vi) of Theorem 5.3, £&(G*) = ssg(y(E)) and, by Theorem
1.3, we can partiaily order § with §* = &(G") iff ker(§) is order convex in
G. Assume that 4§ is partially ordered by 4* = ssg(y(E)) = &£(G"). Then Part
(1) is obvious. To prove Part (ii), suppose p € E. Then 3f € G*[0, T] with
p = w(f) and Ir € T with 0 < f = 1. Therefore by Part (i), 0 = &(f) = &),
whence 0 =< y(mw(f)) = y(m(r)) by Part (i) of Theorem 5.3, so 0 = y(p) =
v(u), proving Part (ii). In Part (iii), the fact that § is directed follows from
the facts that G is directed, §* = §(G*), and £&G) = 4. The fact that y(u)
is generative follows from Part (ii) and the fact that ssg(y(E)) = &(G*) =
%4*. Therefore, y(u) is an order-unit by Lemma 1.8.

In (iv), the implication < follows from the fact that § is order-preserving.
To prove the converse, suppose 0 = a < y(u). Then 3f, g € G* such that a
= &) and y(u) — a = &(g). Let ¢ := f + g, noting that £(r) = y(u), t €
Gt and f= 1t

In (v), the implication < follows from the fact that 7, # 0 for all x €
X. To prove the converse, suppose p € E with y(p) = 0 and select f € G*[0,
T] with p = 7w(f). Then 0 = y(p) = &f) = Z ex fO)y(w,). If y(w,) # O
for all x € X, then 0 # y(w,) € %*, and, since f(x) € Z* forall x € X, it
follows that f(x) = 0 for all x € X, whence p = w(0) = 0.

In (vi), the implication < follows from Lemma 5.5 and the fact that
G*[0, T] C G*. To prove the converse, suppose <y is positive and let g €
ker(£) N G*. Since G*[0, T] is generative and g € G*, 3fi, f, ..., fn €
G*[0, T] with g = 3, f.. Each f; < g, so the order-convexity of ker(§) implies
that f; € ker(§) fori = 1,2, ..., n. By Lemma 5.5, ker(§) N G*[0, T] =
(O}, sof; =0fori=1,2,...,n, and it follows that g = 0. m

Definition 5.7. T is complete iff forall t € G*, §(1) = y(u) >t € T.

Lemma 5.8. If G is partially ordered by the positive cone §* = ssg(y(E))
= §(G*) and T is complete, then y(E) = 4*[0, y(u)].

Proof. Suppose T is complete and let a € 4*[0, y(u)]. By Part (iv) of
Lemma 5.6, 3t € G*, &) = vy(u) and 3f € G* with f = r and a = £(f).
Since T is complete, ¢ € T; hence, f € G*[0, T], so, by Part (i) of Theorem
53,a =& =y (f) € y(E). =

Lemma 5.9. If G is partially ordered by 94" = ssg(y(E)) = §(G™), then
the following conditions are mutually equivalent:

(i) v: E > 9*[0, y(u)] is an effect algebra isomorphism.

(ii) E is an interval effect algebra.

(iii) For all p, g € E, v(p) = ¥(@) =p = q.

Proof. By Part (iii) of Lemma 5.6, 4*[0, y(u)] is an interval effect
algebra, so (i) = (ii) holds. To prove (ii) = (iii), suppose E is an interval
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effect algebra. Then there is a directed, partially ordered Abelian group A,
a generative order unit v € A, and an effect-algebra isomorphism ¢: E
— A*[0, v]. In particular, ¢ is an A-valued measure, so there is a group
homomorphism ¢*: § — A such that ¢ = ¢* © . Thus,

G*(GY) = b*(ssg(yY(E))) = ssg(d*(y(E))) = ssg(d(E))
C ssg(A*) = A*

so ¢* is order-preserving. If p, g € E with y(p) = v(q), then b*(y(p)) =
b*(y(q)), that is, ¢(p) = d(q), so p =< g, completing the proof of (ii) = (iii).

If (iii) holds, then y(E) is a sub-effect algebra of the interval effect
algebra 4*[0, y(4)] and E is isomorphic to y(E) under the isomorphism +y.
Therefore, by Corollary 2.6 in Bennett and Foulis (n.d.). £ is an interval
effect algebra, and we have (iii) = (ii). That (ii) = (i) follows from Theorem
4.2 in Bennett and Foulis (nd.- ). m

Corollary 5.10. If E is an interval effect algebra, then T is complete.

Proof. Suppose E is an interval effect algebra and let 1 € G* with £(f)
= ey t)y(m) = y(). Then @ t(x)y(wy) = y(w) in G0, y(u)], so
V(B ex tx)x) = y(u), whence D, .y t(x)m, =uinE,sot e T m

Theorem 5.11. E is an interval effect algebra iff the following condi-
tions hold:

(1) ker(§) N G* = {0}, so ker({) is trivially order-convex and 4§ is
partially ordered by the positive cone §* = ssg(y(E)) = &G™).

(i) Forall p, g € E, y(p) = v(q) = p = q.

Proof. Suppose (i) and (ii) hold. By (i), % is partially ordered with
positive cone §* = ssg(y(E)); hence, by (ii) and Lemma 5.9, E is an interval
effect algebra.

Conversely, suppose E is an interval effect algebra. By Theorem 4.2 in
Bennett and Foulis (n.d.), % is partially ordered by the cone §* = ssg(y(F)),
%*[0, y(u)] is an interval effect algebra, and y: E — 6*[0, y(u)] is an effect-
algebra isomorphism. Thus, Condition (ii) holds and vy is positive, so ker(£)
M G* = {0} by Part (vi) of Lemma 5.6, proving Condition (i). =

6. COMPUTATIONAL ALGORITHMS FOR FINITE EFFECT
ALGEBRAS

The results obtained above can be used to formulate computational
algorithms for dealing with simplicial test groups and finite effect algebras,
and the resulting algorithms are easily implemented on a computer. We devote
the present section to a brief outline of a basis for the development of some
of these algorithms.
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If X = {x, x5, ..., x,} is a finite set, an element f in the simplicial
group Z* can be represented in the usual way by an m-vector (fi, fz, ...,
L) = (f(x), f(x2), ..., f(x,)in Z™ By Lemma 1.11, if (2, S) is a simplicial
test group, then the antichain S is necessarily finite and Theorem 4.6 provides
an effective algorithm for checking whether § is prealgebraic and for comput-
ing its algebraic closure S~ if it is.

Example 6.1. For the simplicial group Z3, let
§=1{0,4,0),3,1,0),(2,02), (01, 3)}

Then (Z3, S) is a simplicial test group, but it is not algebraic because (2, 0,
2)=@3,1,0+ (0, 1,3)and (1,2, ) =3, 1,0 + O, 1,3) — (2,0, 2)
g T. Here 9(S) = S U {(l, 2, 1D} and 9(S) is an antichain. Furthermore,
DAS)) = D(S), so S is prealgebraic and T := §~ = S U {(I, 2, 1)}
is algebraic.

If (Z™, T) is an algebraic simplicial test group, then the T-events in
(Z*)"[0, T] can be computed by listing, for each ¢t € T, all vectors v € (Z*)"
with v =< 1, and then removing all repetitions from the list. For instance, in
Example 6.1, one finds that there are 25 T-events in (Z*Y[0, T].

Let T be an algebraic antichain of tests in Z". If e € &€ := (Z*)"[0, T,
the set mw(e)’ of all supplements of e in (Z*)"[0, T] is calculated by listing
all vectors of the form ¢+ — ¢ for t € T and discarding those that do not
belong to (Z*)™. The set m(e)’ is a perspectivity class in the effect algebra
II(Z™, T), and every perspectivity class arises in this way. By choosing any
f € m(e)’ and calculating w(f)’, one finds the orthosupplement m(e) of w(f)’
in [1(Z™, T). One now removes the vectors in the classes m(e) and m(e)’
from % and proceeds iteratively to calculate the elements of II(Z™, T) in
orthosupplementary pairs. Of course, one must check to make sure that the
classes in such a pair are distinct; if they are not, one has found a “half-
element” in TI(Z™, T), i.e., an element m(e) such that (e) & w(e) is the unit
in [(Z", 1.

Example 6.2. For the simplicial group Z* with the algebraic antichain
T=1{(0,4,0),(3,1,0),(2,0,2),(0,1,3), (1, 2, H}

obtained in Example 6.1, there are 11 perspectivity classes in the effect
algebra I1(Z3, 7). The classes in orthosupplementary pairs are: w(0, 0, 0)
and (0, 4, 0), w(1, 0, 0) and w(2, 1, 0), w(0, 1, 0) and =(1, 1, 1), w(0O, O,
1) and (2, 0, 1), w(2, 0, 0) and w(0, 0, 2), and the half-element w(0, 2, 0)
(which is its own orthosupplement). Note that (1, 0, 0), w(0, 1, 0), and (0,
0, 1) are the three atoms in I1(Z*, 7).
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Once the elements of II(Z™, T) are identified, it becomes possible to
work out the structure of II(Z™, T) as an effect algebra. For instance, in
Example 6.2, it is not difficult to see that II(Z> T) is the polychain Cj;
(Foulis et al., 1994, Example 4.7).

If (Z™, T) is an algebraic simplicial test group and E is isomorphic to
I1(Z™, T), then the universal group % of F can be calculated by standard group-
theoretic algorithms (Hungerford, 1974, pp. 343-345), since a presentation of
‘G is given by generators corresponding to the standard free basis (1, 0,0, . . .,
0),(0,1,0,...,0),...,(0,0,0,...,1)for Z" with relations corresponding to
t —s=0fort € Tand s fixed in T. Thus % is a finitely-generated Abelian
group and hence it is isomorphic to a Cartesian product of a free Abelian
group Z" and a finite Abelian group $ which itself is a Cartesian product of
finite cyclic groups.

Example 6.3. For the algebraic simplicial test group (Z3, T) in Examples
6.1 and 6.2, the generators v, := (1, 0, 0), y, := v(0, 1, 0), and v, := (0,
0, 1) of the universal group %§ are subject to the relations 3y, — 3y, = 0,
2yy — 4y, + 2v; = 0,yy — 4y, + 3y3 =0, and y; — 2y, + v =0
corresponding to (3, 1,0) — (0, 4, 0), (2,0, 2) — (0, 4, 0), (1, 0, 3) — (O,
4, 0), and (1, 2, 1) — (0, 4, 0), respectively. By standard group-theoretic
methods, we find that § = Z X Z, withy, = (1,2), v, = (I, 1), and y; =
(1, 0). If u is the unit in E = II(Z?, T), then y(«) = (4, 1) as can be seen,
for instance, by using the fact that y(«) = 4v(0, 1, 0) = 4y, = (4, 4) = (4,
1). The canonical epimorphism & Z* — 9§ = Z X Z; is given by £(x, y, 2)
= (x + y + z, o), where & = 2x + y modulo 3.

In Example 6.3, ker(§) = {(n — 3m, 3m — 2n, n}In, m e Z}, so ker(§)
N (Z*)® = {0} and 4 is partially ordered by the positive cone 4" = £((Z*)%)
= (Z* X Z)OM(@O, 1), (0, 2)}. Furthermore, y satisfies Condition (ii) in
Theorem 5.11, so II(Z3, T) is an interval effect algebra isomorphic to 4*[(0,
0), (4, D).

7. PROLEGOMENON TO A THEORY OF QUOTIENTS

In this final section, we briefly sketch some ideas that may be useful
in the development of a theory of quotients for test groups, effect algebras,
and interval effect algebras.

An ideal in an effect algebra E is a subset / C E such that (1) 0 € 1,
i)p.qeE,p=qg,qgel=pel and(ii)p,gq e Iwithp Lg=>pD
g € 1. We consider the problem of formulating an adequate definition of a
“quotient” effect algebra E/I. For such a definition, there are a number of
desiderata; among the most important of these are perhaps the following:
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1. The definition should be compatible with the standard notion of a
quotient of an orthomodular lattice by a p-ideal (Kalmbach, 1983).
In particular, it should be compatible with the standard construction
of a quotient of a Boolean algebra by a Boolean ideal.

2. If E and F are effect algebras and / is the ideal in E X F consisting
of all ordered pairs (0, f) with f € F, then (E X F)/I should be
isomorphic to E.

3. There should be a “natural morphism” E — E/I reducing in the
case of an orthomodular lattice or a Boolean algebra to the usual
natural homomorphism.

4. If w is a probability measure (or state) on E (Foulis et al., 1994)
and/ = {p € Elw(p) = 0}, then w should induce in a natural way
a probability measure w* on E/I that is strictly positive in the sense
that 0 < w*(g) for all 0 # g € E/IL

5. Quotients should interact with tensor products (Bennett and Foulis,
1993; Dvurecenskij and Pulmannovd, 1994a; Foulis et al., 1994;
Dvurecenskij, 1995; Gudder, 1995) more or less as they do in the
category of modules over commutative rings (e.g., Bourbaki, 1958,
Section 1, Proposition 6).

Because of the close connection between test groups and effect algebras,
it seems appropriate to begin by formulating a definition of ideals and quo-
tients for test groups.

Definition 7.1. Let (G, T) be a test group, let H be a directed order-
convex subgroup of G, let : G — G/H be the natural group epimorphism,
and consider G/H to be partially ordered with (G/H)* := n(G") as its positive
cone. We say that H is a T-ideal in G iff (7T) is an antichain in G/H.

If His a T-ideal in G, then H = (H N G*[0, T]) in Lemma 1.9, so H
is actually generated by a set of T-events.

Lemma 7.2. If (G, T) is a test group, H is a T-ideal in G, and n: G —
G/H is the natural group epimorphism, then (G/H, n(T)) is a test group and
n(G*{0, T1) C (G/H)*[0, n(D)].

Proof. Because G is directed and 7 is surjective and order-preserving,
G/H is directed. Also, since m is order-preserving, n(G*{0, T]) C (G/H)*[0,
n(D)], so

(G/H)* = n(G*) = n(ssg(G*[0, T]) C ssg(n(G™{0, T]))
C ssg((G/H)Y'{0, n(D))
and (G/H)'[0, n(T)] is generative. ®
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One might expect that n(G*[0, T]) = (G/H)*[0, n(T)] would hold in
Lemma 7.2, but suitable counterexamples show that this need not be the
case. Also, even if (G, T) is algebraic, (G/H, n(T)) need not be algebraic.

Definition 7.3. If (G, T) is a test group, H is a T-ideal in G, n: G —
G/H is the natural group epimorphism, and the test group (G/H, n(T)) is
prealgebraic, we define the quotient test group (G, T)Y/H := (G/H, n(T)™).

A connection between ideals in effect algebras and T-ideals is provided
by the following theorem.

Theorem 7.4. Let I be an ideal in the effect algebra E, let X C E\ {0}
be a set of generators for E, let Y := X\/, and let (Z™*1, T) be the multiplicity
group for E with respect to X. Then H := {f € ZX|f(y) = 0 forall y €
Y} is a Tideal in ZW¥,

Proof. By Theorem 1.10, H is an order-convex directed subgroup of
Z¥If f € Z™, let fy be the restriction of f to Y, noting that f — fy is a
group epimorphism with kernel H from Z'¥? onto Z!" and (Z*)!" is the image
of (Z*)" under f — f,. Therefore, we can identify Z'X/H with Z!"1, n with
[+~ fr,and n(T) with Ty := {t,It € T}. Suppose s, t € T with sy = ty and
let pP = ®xel S(X)X, q= ®.rel t(X)X, a .= ®.\'EY S()’)y, and b .= ®_\’EY (f()’)
~ s(y)y. Thenp @ a=qg®a®b = uand, since [ is an ideal, p, g € I.
By the cancellation law in E, p = ¢ ® b, so b =< g € I, and it follows that
bellfyeYands(y) << tKy),theny =ty —s(Wy=bel soye
I, contradicting the definition of Y. Therefore, y € ¥ = s(y) = t(y), so sy
= ty, and Ty is an antichain in Z!Y). =

Availing ourselves of the ideas in the proof of Theorem 7.4, we formulate
the following general definition of the quotient of an effect algebra E by an
ideal 1.

Definition 7.5. Let X C E\{0) be a set of generators for the effect
algebra E and let / be an ideal in E. Let Y := X\I; for each f € ZX1, let £}
be the restriction of fto Y. If T is the set of multiplicity functions for E with
respect to X, let Ty := {tyIt € T)}. If the multiplicity group (Z!", T) is
prealgebraic, we define the quotient effect algebra E/l := II(ZM, Ty).

Example 7.6. Let T C Z3 be the algebraic antichain consisting of (0, 1,
0,1, 1),(,1,0,0,0), and (0, 0, 1, 1, 0). Then E := II(Z?, T) consists of
eight perspectivity classes as follows: three atoms w(0, 1, 0, 0, 0), w(0, O,
0, 1, 0), (0, O, 0, O, 1); their respective orthosupplements m(1, 0, 0, 0, 0),
w0, 0, 1,0, 0), (0, 1, 0, 1, 0); and the zero and unit. In fact, E is the eight-
element Boolean algebra. Let I be the ideal in E consisting of (0, 0, 0, O,
0) and (0, 0, 0, 0, 1). To pass to the test space (Z*, Ty) we remove the last
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component from each vector in T to obtain the antichain T, consisting of (0,
1,0, 1), (1, 1,0,0), and (0, 0, 1, 1) in Z* But Ty is not algebraic, since

(lv 1709 0) + (07 01 17 l) - (01 1709 1) = (1,0, 170) ¢ TY

However, @(Ty) = Ty U (1, 0, 1, 0)} is algebraic, so Ty is prealgebraic
with Ty = 9(T,). The quotient E/I := TI(Z*, Ty) is the four-element Bool-
ean algebra,

The following alternative definition of quotient suggests itself in the
category of interval effect algebras.

Definition 7.7. Let % be the universal group of the interval effect algebra
E with unit 4, and identify E with %*[0, u]. If [ is an ideal in E, let H =
ocs(l) and let m: ¢ — %/H be the natural group epimorphism. Since H is
order-convex, G/H is partially ordered by the positive cone (4/H)* := n(9*).
Define the quotient E/I in the category of interval effect algebras to be
(4/H)0, n(w).

Example 7.8. We reconsider Example 7.6 from the viewpoint of Defini-
tion 7.7. The eight-element Boolean algebra has Z* as its universal group
and may be identified with E := (Z*)*((0, 0, 0), (1, 1, 1)]. Let / be the ideal
in E consisting of (0, 0, 0) and (0, 0, 1). Then H := ocs(/) is the cyclic
subgroup {(0, 0, 2){z € Z} generated by (0, 0, 1) and the quotient group
Z°/H may be identified with Z? in such a way that the natural epimorphism
m: Z° = Z°/H is identified with the mapping (x, y, z) = (x, y). Thus E//
may be identified with (ZH(0, 0), (1, )], which is the four-element Bool-
ean algebra.

In a forthcoming paper, we study the articulation among the three defini-
tions of quotient given above as well as the question of the satisfaction of
desiderata 1-5.
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